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Abstract

This project develops network-based optimization methods for solving problems arising in
complex system analysis and wireless networking applications. The study of complex systems
is of utmost importance for a number of diverse areas of science, engineering and society, in-
cluding biochemistry, social sciences, epidemiology, transportation, and telecommunications.
The project makes contributions to the state of the art of network-based techniques for data
mining of complex systems and virtual backbone-based routing in wireless ad hoc networks.
The research in this project focused around the following four major thrusts: (I) Theoretical
analysis of new models of clusters in networks; (II) Investigating new approaches to virtual
backbone-based routing in wireless networks; (III) Establishing techniques for theoretical anal-
ysis of heuristics for inapproximable problems and designing new metaheuristic approaches for
the problems of interest; (IV) Developing new models and algorithms for robust optimization
and decision making in complex networks under uncertainty. More specific contributions result-
ing from this project include: (I) Introducing and investigating a robust version of the concept
of k-club in networks, which embeds the requirement of predefined vertex connectivity into low-
diameter structures; studying the maximum k-club and maximum quasi-clique problems from
mathematical programming perspective. (II) Developing new approaches to forming a virtual
backbone in wireless sensor networks by introducing and utilizing a new concept of a bottleneck
connected dominating set, which help to address the energy-scarcity considerations; distributed
algorithms for approximating a minimum bottleneck connected dominating set are proposed.
(III) Providing a framework for theoretical analysis of heuristics for hard discrete optimization
and for analysis of performance of algorithm portfolios; introducing a metaheuristic framework
of variable objective search that can be used for discrete optimization problems with different
mathematical programming formulations, including continuous formulations. (IV) Suggesting
LP-based solution methods for network flow problems subject to multiple uncertain arc failures,
as well as for rehabilitation and maintenance decisions related to transportation infrastructure.
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1 Summary of Research Contributions

The research contributions resulting from the project in its four major thrusts are summarized in
the following subsections. Namely, we list abstracts/brief summaries of the papers supported by
this project that have been finalized or are close to completion. Publication [11] is not directly
related to the project, however, it resulted from the collaboration facilitated by this grant.

1.1 Theoretical analysis of new models of clusters in networks

The results of our work dealing with theoretical, as well as computational analysis of new models
of clusters in networks are reported in [1, 2].

In [1], we deal with variations of the maximum k-club problem in networks. Network robustness
issues are crucial in a variety of applications. In many situations, one of the key robustness require-
ments is the connectivity between each pair of nodes through a path that is short enough, which
makes a network cluster more robust with respect to potential network component disruptions. A
k-club, which by definition is a subgraph of a diameter of at most k, is a structure that addresses
this requirement (assuming that k is small enough with respect to the size of the original network).
We develop new compact linear 0-1 programming formulations for finding maximum k-clubs that
substantially reduce the number of entities compared to the known formulations (O(kn2) instead
of O(nk)), which is important in the general case of k > 2. Moreover, we introduce a new related
concept referred to as an R-robust k-club (or, kR-club), which naturally arises from the developed
k-club formulations and extends the standard definition of a k-club by explicitly requiring that
there must be at least R distinct paths of length at most k between all pairs of nodes. A compact
formulation for the maximum R-robust k-club problem is also developed, and error and attack tol-
erance properties of the important special case of R-robust 2-clubs are investigated. Computational
results are presented for power-law and uniform random graph instances.

In [2], we study the maximum quasi-clique problem, which defines a cluster based on edge
density. Given a simple undirected graph G = (V,E) and a constant γ ∈ (0, 1), a subset of vertices
is called a γ-quasi-clique or, simply, a γ-clique if it induces a subgraph with the edge density of at
least γ. The maximum γ-clique problem consists in finding a γ-clique of largest cardinality in the
graph. Despite numerous practical applications, this problem has not been rigorously studied from
mathematical perspective, and no exact solution methods have been proposed in the literature.
This paper, for the first time, establishes some fundamental properties of the maximum γ-clique
problem, including the NP-completeness of its decision version for any fixed γ satisfying 0 <
γ < 1, the weak heredity property, and analytical upper bounds on the size of a maximum γ-
clique. Moreover, mathematical programming formulations of the problem are proposed and results
of preliminary numerical experiments using a state-of-the-art optimization solver to find exact
solutions are presented.

1.2 New approaches to virtual backbone-based routing

New approaches to virtual backbone-based routing utilizing the concept of a bottleneck dominating
set have been proposed and studied in [3, 4].

Given a simple undirected graph, the minimum connected dominating set problem is to find
a minimum cardinality subset of vertices D inducing a connected subgraph such that each vertex
outside D has at least one neighbor in D. Approximations of minimum connected dominating
sets are often used to represent a virtual routing backbone in wireless networks. The paper [3]
first proposes a constant-ratio approximation algorithm for the minimum connected dominating

2



set problem in unit ball graphs and then introduces and studies the edge-weighted bottleneck
connected dominating set problem, which seeks a minimum edge weight in the graph such that the
corresponding bottleneck subgraph has a connected dominating set of size k. In wireless network
applications this problem can be used to determine an optimal transmission range for a network
with a predefined size of the virtual backbone. We show that the problem is hard to approximate
within a factor better than 2 in graphs whose edge weights satisfy the triangle inequality and
provide a 3-approximation algorithm for such graphs. We also show that for fixed k the problem
is polynomially solvable in unit disk and unit ball graphs.

In [4], we further develop the idea of using bottleneck connected dominating sets as a more
energy-aware alternative to the minimum connected dominating sets in routing protocols for wireless
sensor networks. The traditional approach is to assume that the transmission range of each node
is given and to minimize the number of nodes in the connecting dominating set representing the
virtual backbone. Using the concept of k-bottleneck connected dominating set (k-BCDS), which,
given a positive integer k, minimizes the transmission range of the nodes that ensures a CDS of
size k exists in the network, allows to vary the transmission range of nodes to facilitate a routing
protocol based on a virtual backbone of a desirable size. This paper provides a 6-approximate
distributed algorithm for the k-BCDS problem. The results of empirical evaluation of the proposed
algorithm are also included.

1.3 Theoretical analysis of heuristics and designing new metaheuristic approaches

Papers [5–7] describe our contribution to theoretical analysis and design of heuristic approaches to
hard discrete optimization problems.

In [5], we examine the bound on effectiveness of using algorithm portfolios and restart strate-
gies. Randomized heuristic algorithms constitute an effective approach for solving a wide range
of computationally challenging problems including various large-scale combinatorial optimization
problems. These methods can often be accelerated by restarting the randomized algorithm each
time its running time exceeds some predefined threshold. Given a set of available algorithms for a
particular problem, one can either choose the best performing algorithm and run multiple copies
of it in parallel with different random seeds (single algorithm portfolio), or choose some subset
of algorithms to run in parallel (mixed algorithm portfolio). It has been previously shown in the
literature that the latter approach may provide better results. We investigated the extent of such
improvement. We provided a theoretical bound on the maximum ratio of expected running times
corresponding to each of these parallel approaches.

In [6], we propose an approach to justify the usage of certain greedy heuristics that extends the
common definition of the “best approximation algorithm” to the problems for which a constant-
ratio approximation algorithm is unlikely to be found. Namely, given a problem P and a heuristic
algorithm A for this problem, we can claim that this heuristic is the “best” for the given problem
if finding a solution better than that output by A (whenever one exists) is NP -hard. To prove
such a result it suffices to show that it is NP -hard to recognize whether there is a gap between the
optimal objective function value and the value of the solution output by A. We identify provably
best (according to this definition) heuristics for several important problems in networks, including
the maximum clique, maximum independent set, maximum k-plex, and maximum k-club problems.

In [7], we introduce the variable objective search framework for combinatorial optimization.
The method utilizes different objective functions used in alternative mathematical programming
formulations of the same combinatorial optimization problem in an attempt to improve the solutions
obtained using each of these formulations individually. The proposed technique is illustrated using
alternative quadratic unconstrained binary formulations of the classical maximum independent set
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problem in graphs.
Article [8] investigates the local maxima properties of a box-constrained quadratic optimization

formulation of the maximum independent set problem in graphs. Theoretical results characterizing
binary local maxima in terms of certain induced subgraphs of the given graph are developed. We
also consider relations between continuous local maxima of the quadratic formulation and binary
local maxima in the Hamming distance-1 and distance-2 neighborhoods. These results are then
used to develop an efficient local search algorithm that provides considerable speed-up over a typical
local search algorithm for the binary Hamming distance-2 neighborhood.

1.4 Optimization and decision making in complex networks under uncertainty

In [10], we propose LP-based solution methods for network flow problems subject to multiple un-
certain arc failures, which allow finding robust optimal solutions in polynomial time under certain
conditions. We justify this fact by proving that for the considered class of problems under un-
certainty with linear loss functions, the number of entities in the corresponding LP formulations
is polynomial with respect to the number of arcs in the network. The proposed formulation is
efficient for sparse networks, as well as for time-critical networked systems, where quick and robust
decisions play a crucial role.

In [9], a method for determining optimal risk-based maintenance and rehabilitation (M&R)
policies for transportation infrastructure is presented. The proposed policies guarantee a certain
performance level across the network under a predefined level of risk. The long-term model is for-
mulated in the Markov Decision Process (MDP) framework with risk-averse actions and transitional
probabilities describing the uncertainty in the deterioration process. The well known Conditional
Value at Risk (CVaR) is used as the measure of risk. The steady-state risk-averse M&R policies
are modeled assuming no budget restriction. To address the short-term resource allocation prob-
lem, two linear programming models are presented to generate network-level polices with different
objectives. Comparison of the results of the two models suggests that distributing resources among
facilities to minimize the sum of CVaR will result in a high variance among the CVaR level of
individual facilities, while distributing resources to minimize the largest CVaR of the facilities will
result in a slightly higher total sum of CVaR and considerably smaller variance.
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